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Epidemic spreading in a hierarchical social network
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A model of epidemic spreading in a population with a hierarchical structure of interpersonal interactions is
described and investigated numerically. The structure of interpersonal connections is based on a scale-free
network. Spatial localization of individuals belonging to different social groups, and the mobility of a contem-
porary community, as well as the effectiveness of different interpersonal interactions, are taken into account.
Typical relations characterizing the spreading process, like a range of epidemic and epidemic curves, are
discussed. The influence of preventive vaccinations on the spreading process is investigated. The critical value
of preventively vaccinated individuals that is sufficient for the suppression of an epidemic is calculated. Our
results are compared with solutions of the master equation for the spreading process and good agreement of the
character of this process is found.
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I. INTRODUCTION however, random contacts with unknown individuals are im-
ortant too. Such a random contact is most probable for in-
ividuals, who live(or work) in the same place, e.g., in the

same building. On the other hand, a contemporary commu-

nity is very mobile; therefore there is a nonzero probability

of contact between two arbitrarily chosen individuals from a

> $opulation. Such contact can occur, e.g., commuting, in the
because the probability that the numbeikdinks connected cinema or in another public place, and can result in infection

to a node equalB(k) ~ k™7 [4]. Many authors have used this ¢ 5 haw individual. In our model we take into account this

type of complex network to model a network of social con-pierarchical structure of a social network, with interpersonal
tacts[9,12-13. In particular, complex networks with a hier- qnnections between neighbors and contacts between ran-
archical structure, corresponding to the real structure of hugom individuals referring to the mobility of a community.

man communities, have been studifd16-1§, e.g., an The spreading of epidemics has been investigated by
epidemic spreading in a population with a two-level structurgnany authors with different models of interpersonal interac-

of interpersonal interactions was analyzed in R&BJ. A 5112027, The hierarchical structure of interpersonal in-
small average shortest path between nddesividualg and  gractions described in the present paper seems to be more

a hi_gh value of _the clustering coe_fficie[rﬁ,E_S], e.g., the prob- plausible for modeling real social networks.
ability that “a friend of my friend is my friend” in the com-

munity is high, are the most important properties of social

The structure and the dynamics of complex networks hav
been extensively investigated in recent yefdrs1]. It was
found that many real-world networks, like the web of human
sexual contact§l], e-mail networkg?2], or the interne{3],
have similar properties. They are called scale-free network

networks. These properties are typical for the structure of a Il. THE MODEL
social network and they have a strong influence on dynami- |, our model each individual is in one of four permitted
cal phenomena in the population. states: healthy and susceptiblel), infected (1), ill (S),

In our work we investigate an epidemic spreading in thepeaihy and unsusceptible or ded®). The state of the indi-
human populauop, treat(_ad as a gcal_e_—free netyvork, takingiga1s evolves in time and depends on their previous state
into account spatial localization of individuals, with a three- and the connections or random contacts with other individu-
level hierarchical structure of.ir)terpersonal interactions. . als. The probabilities of transitions between different states

We assume that each individual belo_ngs to some somaﬁl one time step are described with the following parameters:
groups[7]: from the smallest on¢e.g., family or friends to W,,_, the probability that a susceptible individual will be

a 'afg‘? one(e.g., a commu_nity 9f the yvhole cltylnterper- infected by an ill individuakit also denotes how contagious
sonal interactions among individuals in the same group Arfhe disease JsW_g the probability that the infected indi-

stronger than interactions among individuals fror_n d.if,feremvidual becomes il(this value is connected with the average
groups. The smaller the group, the stronger an |nd|V|duaI’§ime of incubation; Ws g, the probability that an ill indi-

infl_uen;:e_on t?ehother indd_ividufals in _tgat group. Fr(f)rm t_hevidual will recover, die, or be isolated from the rest of the
point of view of the spreading of an epidemic, most e eCt'Vepopulation(e.g., in a hospital

are social connections with the family, close friends, etc.; The spreading process in a population can be treated as a
nonstationary process, which is described by a master equa-
tion, and that approach was applied in a number of studies

*Electronic address: atomic@olimp.if.pw.edu.pl [14,23,28-32 The results obtained in our model will be
"Electronic address: rokos@ciop.pl compared with the solutions of this equation in Sec. IV. For
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the present case the changes in time of the probabiRés ] H
that an individual is in one of the possible stadegwhere —(a)
X=H, |, S or R) are described with the master equation

]

dPy(t)
dt

= - Wy, Ps(t)Py(D),

dP,(t)
dt

=Wy Ps(t)Py(t) = W, _gPy(1),

dPg(t)
dt

=W_gPi(t) = Ws_gP4(t),

dPg(t)

gt~ Ws-rPs(D). ()

This simple analytical model has one serious
disadvantage—it does not take into account the structure of
interpersonal interactions in the human population which is
included in the present paper. In our model the population
and its structure are described as follows. The population
consists ofN=L X L individuals §; localized by the indices , ,
i,j in a two-dimensional lattice. Connections and random F!C- 1. An example of a network with=24 andLs=8 (nine
contacts between individuals have a hierarchical structurd®c@! 9roups from the point of view of theS,, y,individual, who is

The connections of each individual withneighbors is the connected wittky, 12=6 neighbors and four of whose connections
are located in its local grou®). When a connection between two

first level of interpersonal '”lteragt'r?r[seeh Fig. 12)]. A|" Jipdividuals; ands, is createdsold line), the individuals, is
connections are symmetrical an ave the Same value. Ve, hected with the neighbors of the individu&l. Next, the con-
have assumed that the network of social connections is scalﬁ—ec,[ions between the neighbdgs, and the individuals; are cre-
free, i.e., the distribution of connectivity of individuals has ated(this is not shown in the figupeEach new connect;o(dashed
the form P(k)~k™ (y=3 was used in most of computa- line) is created with the probabilit, (b).

tions), with k generated from the randé&q,;,, kma - Initially

all individuals are not connected. Next, connections betwee
individuals are created with the probabiliB(l), depending
on the distancé between individualsy; and S,,, wheren
=ixl;,m=jzxl, (14,1, are two independent random variables

irable distribution of connectivity is obtained. It should be
noted that in this procedure the valpginfluences the clus-
tering coefficientC of the network[4,33]

and the sign is generated with the probability)0.5
/[ 2E;
P() ~ ! 0.0 (2) itk = )
1+exd(l-a/b] L

_ wherekg;; is the number of connections between neighbors of
The second term in Eq2) causesP(l) to reach zero theijth individual.
slowly enough. The whole population is divided into local | et us describe the effectiveness of first-level connections

groups of G=Lg X Lg individuals, where the size of those n the spreading of epidemics. The probability of an infection
groups is connected by the parameterd. andb=Lg/4 of  of an individual by one ok neighbors is

the distribution(2). Thus, most connections are created be-

tween individuals located in the same local group. The struc- K
ture of the network from the point of view of a certain indi- P1=Wi, \/;
vidual is depicted in Fig. (). Having created the connection k
betweenS; andS,,, the connections between the individual

Sim and each neighbor of the individu§l are created with  where ks is the number of neighbors in the stee This

the probabilitiesp, [Fig. 1(b)]. Similarly, new connections probability is a nonlinear function of the number of ill neigh-
betweenS; and the neighbors of the individu&,, are cre-  bors and it increases fast for a low value lkf because
ated, also with the probabilitieg.. However, each pair of interpersonal connections are a more effective way of
individuals can be connected only once, and a new conneapreading the epidemic than random contacts.

tion is added to each individual only when its actual number The second level of interpersonal interactions is random
of connections is smaller than the valkg(wherei,j=1, 2,  contacts between individuals in the same local grougsof
..., L) generated with the distributioki?. In this way a de- individuals. They are most probable for individuals livifay

(4)
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working) in the same place, e.g., in the same building. In our 1000
model the probability of infection resulting from such a ran-
dom contact is

(a)

10000 -

G 2
P2:WHﬂ|<ES> (5

whereGg is the number of ill individuals in a local group.
The third level of interpersonal interactions is random
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other and are chosen arbitrarily from the whole population. &
The probability of infection caused by such a contact doe
not depend on the localization of the individuals:

N 2
pS:WHM(ﬁS) (6) !

number o(? n

60

whereNg is the number of ill individuals in the whole popu-
lation. The nonlinear factors in Eqé5) and (6) cause the
probabilitiesp, and p; to initially increase very slowly and

FIG. 2. Epidemic curvesthe number of newly infected indi-
viduals per time stepas a function of time for different types of

b anificant f t b fill individual interpersonal interactions. Infections resulting from interpersonal
ecome significant for a great number ot 1l individuals. connections, curve; infections resulting from random contacts

. It an ,be seen that ,from th? point of View of eQCh indi- with the individuals from a local group, cunig infections resulting
vidual its interpersonal interactions have a hierarchical strucfom random contacts with individuals from the rest of the popula-

ture and they can be divided into three levédsieighbors,  tion, curve c. The values of the other parameters are3, L
individuals from the same local group, and individuals from=500, L;=20, W,; ,,=0.5, W, .s=0.5, W .z=0.5, k;;s=8, and
the rest of the population. Note that, as results from Eqsk,,=24.

(4)—(6) the probabilitiesp;, p,, and p; of an infection of

each individual depend nonlinearly on the number of ill in-per v of individuals in the stat¢éR) when the epidemic dies

dividuals and their localization in one of the above- oy j.e., the range of the epidenits slightly influenced by
mentloneq Ie.vells.' This is why the probab|I|ty'of. an mfecﬂqn C, but the progress of the epidemic depends significantly on
of a certain individual is greatest when an ill individual is the value ofC. As is shown in Fig. 3, the greates, the

one of itsk neighbors, it is smaller V\_/h_en an ill individual greater the time,, in which the number of ill individuals
belongs to the same local group, and it is smallest when an 'ﬁeaches its maximum valuew-..=Ng(t.)/N. Moreover
individual is located somewhere in the rest of the populationihe value of this maximum decreases with increasBig
Other probabilities of a transition between sta}sf are  jigher values ofC cause the number of individuals grouped
described by the parametef§ .y, as in the master equation , cjysters of highly connected nodes to increase. When one

[Eq. (). ill individual appears in a cluster, first individuals from that

Ill. RESULTS

Computations were performed for the initial conditions 45 |
with one ill (S) and randomly located individual and the rest
of the population healthly and susceptiljl¢). Synchronous
dynamics and the valuds=200 and 500 were used.

Figure 2 shows the influence of the localization of the
source of infection in one of three levels of interpersonal &
interactions on the number of newly infected individuals as aw
function of time (epidemic curves It can be seen that the 35 |
number of newly infected individuals resulting from connec-
tions with k neighbors is approximately ten times greater for
times 30<t<50 than in the case of random contacts. In the
first stage of the epidemic, new infections result from the 30 ‘ ‘ ' ‘
interactions withk neighbors(probability p;), whereas the 0 o1 02 c 03 o4 03
possibility of infection resulting from random contadis,
andps) becomes significant when the number of ill individu- £, 3. The timet,ay in which the number of ill individuals

als is large enough. reaches a maximum value as a function of the clustering coefficient

In our model it is possible to investigate the influence ofc for different values oW, .,. Results were averaged over 100
the value of the clustering coefficiei@ [Eq. (3)] on the independent simulations. The values of other parametersyare
spreading process by changing the valu@ofThis problem =3, L=200L5=20, W, ,5=0.5, W5 ,g=0.5 kyin=8, and Kkmnax
was also discussed in earlier papgt$,27. The final num- =24,

40 4
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FIG. 4. The influence of the time of incubation on the titpg,
(a) and the maximum value of the number of ill individualg, ., (b)
for different values ofW,,_,, and p.=0.5. Results were averaged 90 |
over 100 independent simulations. The values of the other param-
eters are as in Fig. 3.

max

cluster are infected and next the infection spreads outside the
cluster. This slows down the spreading process in the whole 60 -
population.

Another important parameter is the time of incubation,
proportional in our model ta=1/W,_ s It was found that
the range of the epidemi¥ is influenced byr?, i.e., the
higher the value of™%, the greater the rangé, especially 30 . ‘ e
when the valuew,, ., is low andW,,_, <Ws_r. However, 0 ok &0
for high enough values diV,_,,, the range of the epidemic
does not depend on the time On the other hand, the dura- FIG. 5. The influence of the maximum value of the connectivity
tion of the epidemid andt,,,, decrease with decreasing time Knax0n the range of the epidemic (a), the maximum value of the
of incubation—the epidemic spreads more rapidfig.  number of ill individualswiay (D), and the timeiyay (c), for differ-

4(a@)]. The maximal number of ill individualg/y,, increases ent values oW, and p;=0.5. Results were averaged over 100
with increasing parameter‘l, as results from Fig. @). ?nde'pendent simulations. The values of the other parameters are as

Changes in the parameteeg have the strongest influence " Fig- 3.
on the spatial character of the spreading process. For the
lowest values ol there is a small number of long range epidemic spreads slightly faster and the range of epidemic is
connections, and infections of individuals spatially locatedslightly smaller, which results from weaker interactions be-
near ill individuals are more likely. The spreading process igween individuals in the same local group.
similar to the propagation of the wave front when secondary The spreading process and the range of the epidemic are
sources of epidemics are activaf@d]. With increasing.g, strongly influenced by the parametef,,. An increase in the
the average length of connections increases. Therefore th@lue ofk.,, (and, as a result, the total number of connec-
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FIG. 6. The relation between tintg,,, and the number of pre-
ventively vaccinated individualsNg, for different values of
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FIG. 7. Comparison of the relatioM,(t)/N obtained in the
present mode(solid line) with the solution of the master equation
(dashed lingfor Wy_,;=0.5 W5 ,g=0.1, andp.=0.5. The values of
the other parameters are as in Fig. 3.

tions in the network accelerates the spreading process and
increases the range of epidemitin the population[Fig.
5(a)]. For higher values ok, the maximal number of ill
individualsw,,,, has a higher value and occurs ear[iEigs.
5(@-5(c)]. As results from Fig. 5 significant changes in
V, Wnae andt,., are observed only for low values &f,..
then the curves saturate. It is also interesting to discuss the
influence of the parametét,_,, on the aforementioned re-
lations. It was found that the higher the values/f_,,, the
smaller the influence of the parametef,, on the evolution
of the epidemic, i.e., the saturation of the curves
V(Kmay) s WimnaxdKmax), and tmadkma Occurs for lower values
of Kmax

The connectivity of the individual—the initial source of
the epidemidkg,; — is another important parameter which
determines the time evolution of the epidemic. This param-
eter has a similar influence on the behavioMgfw,,,,, and
tmax @S the parametek,.,. An earlier work discusses the
influence of the localization of the initial source of epidemic
in the population on the spreading proc¢26].

It is important to investigate the influence of preventive
vaccination(the numbeiNg, of the individuals in the statR
at timet=0) on the spreading process. In Figapthe time
tmax @S @ function of the number of preventively vaccinated
(and randomly choseénindividuals for different values of
W,,_, is shown. For low values dfir, the time of duration
of the epidemicT increases, because the epidemic cannot
spread freely. For a certain value Nk, denotedNgc, the
time ta reaches a maximum. The abrupt decrease of the
timest,.x and T observed for bigger values dfy, indicates

Wi, Kmaw @nd pe=0.5 (a),(b). The vaccinated individuals were that a phase transition occurs Mgc. This is proved by the

randomly chosen(@ or those with the highest value & were
vaccinatedb). The influence of the parameteron thet,,,(Ngo)
relation forWy_,;=0.4, k=64, andp,=0.5 is shown in(c). Re-

significant increase of the transient timge., the time be-
fore the system reaches the point attracfor Ng, slightly
smaller tharNg¢, which is typical behavior for a phase tran-

sults were averaged over 100 independent simulations. The valugition. Such a phase transition in a regular lattice is the per-

of the other parameters are as in Fig. 3.

colation phase transitiof84]. When the value oWW,_,, in-
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creases, the part of the population that should be V. CONCLUSIONS
preventively vaccinated in order to suppress an epidemic ) ) o )
also increases. A model of the spreading of an epidemic in a population

When preventively vaccinated individuals are not choservith hierarghical structure of interpersqnal interactions has
randomly, but individuals with the greatdsare chosen, the Peen described and investigated numerically. The structure of
results are similafFig. 6b)]. However, the phase transition interpersonal connections is based on a scale-free network.
occurs for a lower value dflmy, which means that a smaller Spatial localization of individuals belonging to different so-
number of preventively vaccinated individuals is needed tdial groups and the mobility of the contemporary community
suppress the epidemic. Note that, in this case, for values ¢i'e taken into account. It was found that the type of interper-
Nro slightly smaller than the critical valulgc, the timestay sonal interaction has an essenual mfluence on the sp.readmg
andT increase quickly witfNgo. This means that the rate of Process. In particular, connections with the nearest neighbors
the spreading of the epidemic is much smaller, because on@-e-a family or friends are more important than random con-
individuals with smallk can be infectedcf. Fig. 5b)]. In  facts between strange individuals.

Fig. 6(c) the influence of the parametsris shown. It can be ~ AS our calculations show, the epidemic spreads more
seen that with decreasing values pfthe timest,, and T slowl_y ina popullat|on with a higher value of the c_Iusternjg
decrease and the phase transition occurs for a higher value gefficientC. This process depends also on the incubation
Nro, because there are more connections between individuai$ne 7. With increasing values of the duration timeT of the

in the population. epidemic increases. On the other hand, an increase of the
maximal number of connections in the populatidq,a.
IV. COMPARISON WITH MASTER EQUATION causes an increase of the range of the epidemic and acceler-

ates the spreading process.

In the master equation it is assumed that each individual In our model the influence of preventive vaccinations on
interacts with all other individuals in the population and in- the spreading of the epidemic was investigated. We found a
teractions with all individuals are treated in the same way. Ircritical value of preventively vaccinated individuals suffi-
contemporary and large communities this is not true, becausgent for the suppression of the epidemic.
people interact strongly only with a smaih comparison to From all the results obtained a general conclusion
the size of the whole populatipmumber of other individu- emerges that an increase of the probabiiy_,, decreases
als. In Fig. 7 results obtained from the analytical solutions ofthe influence of all the parameters characterizing the social
the master equatiofl) and from the present model are com- network (i.e., K.y, Lg, Or clustering coefficienton the dy-
pared. The two curves are similar but in the case of ounamics and range of the epidemic. This observation shows
model the number of ill individuals increases faster and thénow dangerous are most contagious diseases.
maximum appears for lower values of time than in the case Our results were compared with the solutions of the mas-
of the solutions of the master equation. When only one inditer equation. The character of the two solutions is similar;
vidual is ill at t=0, the number of infected individualN, however, there are discrepancies between the locations of the
resulting from the master equation increases very slowly, bemaxima of the relations of the number of ill individuals and
causePg is very small. In our model, however, strong inter- time. It is caused by the assumptions in our model which
actions with nearest neighbors are taken into account; astake into account the hierarchical structure of interpersonal
consequence the epidemic spreads faster, which explains th@eractions in a more plausible way than in the case of the
discrepancy between the locations of the two curves. master equation.
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